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Abstract
We show that the dual code of the binary cyclic code of length 2m  1 with two zeros a; ad
cannot have three weights in the case that m is even and d  0 ðmod 3Þ: The proof involves the
partial calculation of a coset weight distribution.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let n ¼ 2m  1 and let F ¼ F2m : Let a be a primitive root of F : Let C denote
the binary cyclic code of length n with two zeros a and ad ; where dX3 is odd.
The minimum distance dðCÞ of C satisﬁes 3pdðCÞp5; see [14] or [3] for
example.
A linear code is said to be a three-weight code if it has exactly three nonzero
weights. There are many conjectures and results on the instances that C> is a
three-weight code. These results are closely related to questions about three-valued
cross-correlation functions. The paper of Canteaut et al. [1] has a study of the
weight divisibility of these three-weight codes. It is of great interest to classify
the values of m and d for which C> is a three-weight code. Such a classiﬁcation
is probably difﬁcult, see Section 2. Our main result is a partial result in that
direction.
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In Section 2 we brieﬂy discuss known results on C> being a three-weight code. In
Section 3 we present preliminary results. Section 4 contains our main theorem. When
m is even and dc0 ðmod 3Þ; we will see in Section 2 that it is possible for C> to have
three weights, as happens for example when m ¼ 6 and d ¼ 5 or 13: Our main result
proves that C> cannot have three weights in the case that m is even and d 
0 ðmod 3Þ: We have previously [12] obtained this result under the additional
assumption that dðCÞ43:
We index vectors of length n by F (the nonzero elements of F ). The support of a
vector is the subset of F where the vector has nonzero entries. We will always write
dðCÞ for the minimum distance of C; to avoid confusion with d: We assume
throughout that dim C> ¼ 2m: This will always be the case unless the cyclotomic
coset modulo 2m  1 containing d happens to have fewer than m elements, which is
rare and can only happen if m is small relative to d:
2. More detailed introduction
Suppose then that C> has the three weights w1 ¼ 2m1  a; w2 ¼ 2m1; and w3 ¼
2m1 þ b where a; b40: The weights must have this form; ﬁrstly, 2m1 is a weight
since C> contains the Hamming dual, and the other two weights cannot both be less
than or greater than 2m1; by the MacWilliams identities. Let Ai be the number of
codewords of weight i in C>; and let Bi be the number of codewords of weight i in C:
Since C is a subcode of the Hamming code we have B1 ¼ B2 ¼ 0:
The MacWilliams identities give
Aw1 ¼
2m1ð2m  1Þð2m1 þ bÞ
aða þ bÞ ; ð1Þ
Aw2 ¼
ð2m  1Þð2m1ða  bÞ  22m2 þ ab þ 2mabÞ
ab
; ð2Þ
Aw3 ¼
2m1ð2m  1Þð2m1  aÞ
bða þ bÞ ; ð3Þ
B3 ¼ 2
m  1
3
 
a  b  1þ ab
2m1
 
: ð4Þ
In all known cases of C> having three weights, it is true that a ¼ b: However, we
know of no proof that this must always be the case. Some equivalent conditions to
a ¼ b are given in [11]. We divide up the analysis of the codes C> into four cases,
according as a ¼ b or not, and as dðCÞ ¼ 3 or not. We name the cases as in the
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following table.
a ¼ b aab
Case I Case II
dðCÞ ¼ 3
Theorem 2 Theorem 8
Case III Case IV
dðCÞ43
Theorem 1 Theorem 8
No examples are known of cases II and IV, and it is conjectured that none exist.
Examples exist in both cases I and III.
First, it is easy to provide a classiﬁcation in case III up to the weight distribution.
Theorem 1. Suppose dðCÞ43 and a ¼ b: Then m must be odd, dðCÞ ¼ 5; a ¼ 2ðm1Þ=2;
and the weight distributions of C and C> are the same as the weight distributions of
the 2-error-correcting BCH code and its dual.
Proof. By Theorem 10 in [11], since a ¼ b we have B4 ¼ ðn34 ÞB3; so dðCÞX5 as
dðCÞ43: In [14] it is shown that dðCÞp5:
Since a ¼ b and B3 ¼ 0; Eq. (4) gives 1þ a2=2m1 ¼ 0; and so a ¼ 2ðm1Þ=2: This
implies that m is odd.
Since the weights are determined, the weight distribution of C> is determined by
Eqs. (1)–(3), and it must coincide with that of the 2-error-correcting BCH code. &
Regarding case IV, it is shown in [11] (Corollary 3) and [4] that if dðCÞ43; either
m is odd, or d  0 ðmod 3Þ and m is even. Our main result (Theorem 8 in Section 4)
eliminates the latter of these two cases.
Regarding case I, we recall the following (straightforward) results from [11].
Theorem 2. If a ¼ b; then B4 ¼ ðn34 ÞB3 and a is a power of 2. In fact, a ¼ 2s; where
sXm=2 if m is even, and sXðm  1Þ=2 if m is odd.
Still on case I, we recall the known examples of C> being a 3-weight code. Early
results on this case concern the values d ¼ 2i þ 1 and 2ið2i  1Þ þ 1; when m=e is odd
where e ¼ gcdði; mÞ: The results that C> has three weights in these instances are
ascribed to Gold [8], Kasami [10], and Welch (unpublished, see [13]). In these
examples a ¼ b ¼ 2ðmþe2Þ=2: Other (more recent) examples are d ¼ 2m=2 þ 2ðmþ2Þ=4 þ 1
and 2m=2þ1 þ 3; where m  2 ðmod 4Þ (due to Cusick and Dobbertin [4]). When m is
odd, another recent example is d ¼ 2ðm1Þ=2 þ 3 (this was known as the Welch
conjecture). This is proved in [2] and also in [9]. Both papers require the fact that
dðCÞ ¼ 5; proved in [6]. Also when m is odd, the Niho conjecture is the case d ¼
22r þ 2r  1 where 4r  1 ðmod mÞ: This was proved in [9], again requiring the
dðCÞ ¼ 5 property proved in [7]. There are no other known examples (to this author)
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of the code having three weights, and one may conjecture that this list is complete.
A proof of such a classiﬁcation seems difﬁcult.
3. Preliminaries
Again we suppose that C is the binary cyclic code of length n ¼ 2m  1 with two
zeros a and ad ; where dX3 is odd. We suppose that C> has the three weights
w1 ¼ 2m1  a; w2 ¼ 2m1; and w3 ¼ 2m1 þ b where a; b40: The results in this
section hold for arbitrary m and d; i.e., for any cyclic code with two zeros whose dual
code has three weights.
Let hdðxÞ ¼ xd þ ðx þ 1Þd þ 1: Let Nðm; dÞ denote the number of distinct roots
of hdðxÞ in F : The following straightforward result can be found in [11].
Theorem 3. With C as above,
Nðm; dÞ ¼ 6B3
2m  1þ 2:
Theorem 3 and Eq. (4) yield
Corollary 4. With C as above,
Nðm; dÞ ¼ 2ða  bÞ þ ab
2m2
:
Consider next the annihilator polynomial of C>
FðxÞ ¼ 22m 1 x
w1
 
1 x
w2
 
1 x
w3
 
ð5Þ
whose roots are the weights (see [5] for example). We express FðxÞ in its Krawtchouk
expansion
FðxÞ ¼ a0PðnÞ0 ðxÞ þ a1PðnÞ1 ðxÞ þ a2PðnÞ2 ðxÞ þ a3PðnÞ3 ðxÞ; ð6Þ
where P
ðnÞ
k ðxÞ ¼
Pk
j¼0ð1ÞjðxjÞðnxkjÞ is the kth binary Krawtchouk polynomial.
Lemma 5. We have
a2 ¼ 2
mðb  aÞ þ 3  2m1
w1w3
and a3 ¼ 3  2
m1
w1w3
:
Proof. One computes that P
ðnÞ
0 ðxÞ ¼ 1; PðnÞ1 ðxÞ ¼ n  2x; PðnÞ2 ðxÞ ¼ 2x2  2nx þ ðn2Þ;
and P
ðnÞ
3 ðxÞ ¼ 13½4x3 þ 6nx2  ð3n2  3n þ 2Þx
 þ ðn3Þ: Substituting these into (6)
and equating coefﬁcients in (5) and (6) gives the result. &
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The following result follows from Theorem 3.2 in [5]. The result there is more
general, also applying to nonlinear codes.
Lemma 6. Let C be a binary linear code of length n: Let BiðxÞ be the number of vectors
of weight i in C þ x; where xAðF2Þn: Let s0 be the number of nonzero weights in C>:
Then
Xs0
i¼0
aiBiðxÞ ¼ 1 for all xAðF2Þn:
We will apply this lemma to our cyclic code C with two zeros, where s0 ¼ 3: Note
that Bið0Þ ¼ Bi; where Bi is deﬁned in Section 2.
4. Results
In this section we will assume that m is even and d  0 ðmod 3Þ: Let F4 ¼
f0; 1;o;o2g: The following result is from [12], but we include the proof for
completeness.
Theorem 7. If m is even and d  0 ðmod 3Þ; then the number of weight 4 codewords in
C whose support contains f1;og is d 3; where d ¼ gcdðd; 2m  1Þ:
Proof. Since the parity check matrix for C is
1 a a2 y an1
1 ad a2d y aðn1Þd
 
; ð7Þ
the weight 4 codewords containing f1;og correspond to solutions yAF \f0; 1;o;o2g
of
1þ od þ yd þ ð1þ oþ yÞd ¼ 0:
Since 3jd this becomes yd þ ðo2 þ yÞd ¼ 0; or
1þ o
2
y
 d
¼ 1: ð8Þ
Let d ¼ gcdðd; 2m  1Þ: Let r1 ¼ 1; r2;y; rdAF be the roots of xd  1: These are the
dth roots of unity that lie in F : Choosing y ¼ o2=ð1þ riÞ for i ¼ 2; 3;y; d gives
d 1 solutions to (8), and these are all the solutions to (8) in F :
However, the solutions y ¼ 1 and o do not correspond to weight 4 codewords.
Thus there are d 3 weight 4 codewords whose support contains f1;og: &
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Theorem 8. If m is even and d  0 ðmod 3Þ; then it is not possible for C> to have
three weights.
Proof. Suppose C> has three weights and continue the notation as above. Let x
be the vector of weight 2 with support f1;og; and consider the coset C þ x: For
this coset we have B0ðxÞ ¼ 0 of course. Also B2ðxÞ ¼ d 2 by Theorem 7.
We next show that B1ðxÞ ¼ 0: As in the proof of Theorem 7, if there were a
weight 3 codeword covering x we would have a solution z to the equations
1þ oþ z ¼ 0; 1þ od þ zd ¼ 0:
This yields 1þ od þ ðo2Þd ¼ 0; which is not true as 3jd:
Then Lemmas 5 and 6 give
2mðb  aÞ þ 3  2m1
w1w3
 
ðd 2Þ þ 3  2
m1
w1w3
 
B3ðxÞ ¼ 1
or
2mðb  aÞ þ 3  2m1 ðd 2Þ þ 3  2m1B3ðxÞ ¼ ð2m1  aÞð2m1 þ bÞ: ð9Þ
Since m is even and 3jd; d is divisible by 3 and 2m1  2 ðmod 3Þ: Taking Eq. (9)
modulo 3 gives
ðb  aÞ  ð1 aÞð1þ bÞ ðmod 3Þ ð10Þ
or
ab þ ða  bÞ  1 ðmod 3Þ: ð11Þ
Any codeword of weight 3 in C has n ¼ 2m  1 distinct cyclic shifts (the only possible
exception to this is the vector with support f1;o;o2g which has n=3 distinct cyclic
shifts, but this vector is not a codeword since 1þ od þ ðo2Þda0; as above). Thus
2m  1 divides B3; and Theorem 3 then implies Nðm; dÞ  2 ðmod 3Þ: Corollary 4
then implies
ab
2m2
þ 2ða  bÞ  2 ðmod 3Þ: ð12Þ
Comparing twice Eq. (11) with Eq. (12) gives
2ab  ab
2m2
ðmod 3Þ
which gives 2ab  ab ðmod 3Þ as 2m1  2 ðmod 3Þ: From this we conclude
ab  0 ðmod 3Þ: Returning to Eq. (11) now, we obtain a  b  1 ðmod 3Þ:
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On the other hand, from Eq. (2) we ﬁnd
Aw2
2m  1 ¼
2m1ða  bÞ  22m2
ab
þ 1þ 2m:
Since n ¼ 2m  1 is relatively prime to w2 ¼ 2m1; each codeword of weight w2 has
n distinct cyclic shifts. It follows that 2m  1 divides Aw2 ; and so
2m1½a  b  2m1

ab
AZ:
Since 3 divides ab we must have a  b  2m1  0 ðmod 3Þ which implies a  b 
2 ðmod 3Þ: This contradiction completes the proof. &
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